We introduce the two established frameworks of Finsler space-time. The difficulties of both approaches to accommodate interesting physical models are discussed. In particular, the notion of semi-Randers space as space-time structure is considered in both frameworks, showing some of their limitations. Therefore, we argue in favor of a more traditional interpretation of a semi-Randers space as a lagrangian function for an action functional instead of a semi-Finsler space-time.
Introduction
The origin of the notion of Randers space can be traced to the original work of Randers ([1] ). The motivation was to introduce an explicit arrow of time in the space-time geometry. Eventually, the work contained a unifying model of gravitation and electrodynamics of point particles.
However, a proper discussion of the positivity and non-degeneracy of the resultant metric was not discussed there. These issues are important in the modern treatment of the subject, at least from a mathematical perspective. Whereas for positive definite metrics there is a established theory ([2, chapter 11]), for indefinite Randers spaces the question is still not properly formulated.
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As we will see in the next section, there are two general formalisms for semi-definite Finsler space (which we call semi-Finsler structures). We discuss their differences and limitations, in particular with the definition of semi-Randers space. We explain why the situation is considered unsatisfactory. Therefore in section 3 we try a more traditional approach to semi-Randers spaces where the semi-Finsler metric is interpreted as a lagrangian defined on a semi-Riemannian structure (usually Lorentzian) instead of as a space-time metric. Finally, in section 4 we discuss how our new definition solves the points discussed in section 2. We remark that we have adopted as line guide the structures that appear in physical models.
Semi-Randers Spaces as Space-Time Structures
Let M be a smooth n-dimensional manifold and TM the tangent bundle manifold TM ⊃ N, π : N −→ M a fiber bundle over M. Then, there are two currently used definitions of semiFinsler structures: 
is strongly convex on N. 2. An alternative definition of semi-Finsler structure is the following, due to J. Beem (([4]-
is non-degenerate in N, being in this case N = TM \ {0} the slit tangent bundle.
The particular case when the manifold is 4-dimensional and g ij has signature (+, −, −, −)
this is called Finsler space-time.
In Beem's definition, there are actually time-like, light-like and space-like vectors.
Some of the differences between the definitions are highlighted below: The
The above condition implies that y g is positive. Therefore the notion of semi-Randers space makes sense in Asanov's framework. On the other hand, it seems that there is not an easy definition of semi-Randers space in Beem's framework. However, there are situations where it is interesting to have a semi-Randers structure defined "à la Beem". The asymptotic expansion of ultra-relativistic fluid models presented in [7] is an example. In that context, one starts with a light-like trajectory and perturbative corrections change the type of trajectory to time-like. If one has a functional formulation for the geodesics, a physical interpretation could be assigned to the formalism. Another example is gravitational lensing ( [8] ). From both examples, one can see the need for considering light-like geodesics, which seems not possible in Asanov's formalism.
Physical Interpretation of semi-Randers Space
The gauge potential A = β i dx i is not necessarily bounded by the norm η. Additionally, through a local gauge transformation A −→ A + dλ, one can obtain a gauge potential which is not bounded starting from a bounded gauge potential everywhere on M. One can transform locally the gauge potential such that the new potential is bounded locally, but the global problem is more difficult. However, it is not clear that for an arbitrary gauge potential one can obtain a gauge transformation such that A is globally bounded.
The above observations make it reasonable to introduce a non-metric notion of Randers space.
The point of view adopted in this work is to consider the minimal requirements coming from physical constraints and use these to postulate a natural geometric structure of Randers type.
Then, we analyze the problems discussed before in the new framework. This is done in the following section.
(Semi)-Randers spaces
We propose the following
Definition 3.1 (Semi-Randers space as a (m, L)-structure)
A semi-Randers structure consists of a triplet (M, (η, β)), where (M, η) is a semi-Riemannian structure and β ∈ Λ 1 M; the Lagrangian F is defined in the following way:
Note that we drop the usual condition of finiteness of the potential.
Interpretation as a Lagrangian
The natural interpretation of the above definition is the following: M is the region in the space-time manifold where the action of a point charged particle is described through a semi-
The value of the potential term A(σ) = A µ (σ)σ µ does not need to be bounded; non-degeneracy for the semi-Finsler structure is also not required in the whole space-time manifold M.
If the curve σ that appears in the action functional (3.1) is parameterized with respect to a parameter t such that the Finslerian arc-length F (σ,σ) is constant along the geodesic, the geodesic equations have a more complicated form ([2, pg. 296]) and are not invariant under gauge transformations A −→ A + dλ, λ ∈ F(M). Instead, if the extremal curve is parameterized preserving the semi-Riemannian length defined by ([2, pg. 297]): 
In the context of Classical Electrodynamics, the Lorentz force equation in a general local coor-
where σ : I −→ M is a curve on M with tangent vectorσ = dσ dt , F is the Faraday 2-form F = dA, ισ is the inner multiplication along σ andF is the dual vector field associated to the 1-form F defined using the semi-Riemannian structure η. In equation (3.3), the coefficients η Γ are the Christoffel symbols of the Levi-Civita connection of the Lorentzian metric η.
The problem of defining geometrically the electrodynamics of charge configurations with an external electromagnetic field leads us to the following requirements:
1. A measure space, which involves the Lorentzian structure η.
2. A non-degenerate structure F , which is measurable and defines the geodesics.
Discussion
In the solution proposed in section 3, the semi-Finsler function is smooth for both time-like and space-like. In the case of light-like trajectories, the F is only continuous. Therefore, the solution proposed here does not solves the variational problem of formulating light-like geodesics using this definition. However, by construction, definition 3.1 does not require that the related fundamental tensor is non-degenerate. Therefore, the potential is not necessarily bounded.
In defining the differential equations, the main point has been to pursue the gauge invariance of the final differential equations. This makes a natural distinction between the space-time geometry and the Lagrangian form. This is a reason to think of Randers as a (m, L)-structure.
The metric structure provides a proper-time which is gauge invariant and a volume form to perform integrations of differential forms.
Finally, from a more formal point of view, appears a similarity between the disassociation of metric and measure in our geometric description of electrodynamics and Gromov's theory of (m, m)-spaces ( [9] ). Indeed, depending on which structure we associated as having more physical relevance, we have the Berwald or Lorentz connection, depending on what form is preserved along the parameterized geodesics.
